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Abstract

A robust finite-element code (Pecube) has been developed to solve the three-dimensional heat transport equation in a
crustal/lithospheric block undergoing uplift and surface erosion, and characterized by an evolving, finite-amplitude
surface topography. The time derivative of the temperature field is approximated by a second-order accurate, mid-
point, implicit scheme that takes into account the changing geometry of the problem. The method is based on a mixed
Eulerian—Lagrangian approach that requires frequent re-interpolation of the temperature field in the vertical direction
to ensure accuracy. From the computed crustal thermal structure, the temperature history of rock particles that,
following an imposed tectonic scenario, are exhumed at the Earth’s surface, is derived. These 7 — ¢ paths can then be
used to compute apparent isotopic ages for a range of geochronometers. The usefulness of the code is demonstrated by
computing the predicted distribution of (U-Th)/He apatite ages in a high relief area of the Sierra Nevada, California,

for a range of tectonic scenarios and comparing them to existing data.

© 2003 Elsevier Science Ltd. All rights reserved.
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1. Introduction

Much effort has recently been devoted to under-
standing the coupling between tectonics and erosion
(Beaumont et al., 1999). Determining the rate at which
landforms adapt to a changing tectonic environment has
become an important problem to address. To achieve
this, new low-temperature thermochronometric techni-
ques have been developed such as (U-Th)/He apatite
thermochronometry (Zeitler et al., 1987; Farley et al.,
1996; Wolf et al., 1996). To interpret age data from
systems characterized by closure temperatures as
low as 65°C, one must thus understand how surface
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topography affects the thermal structure of the
uppermost crust. Much work has already been devoted
to this problem (Turcotte and Schubert, 1982;
Stiiwe et al.,, 1994; Mancktelow and Grasemann,
1997), but only the case of a “‘static” surface topography
has been considered so far. To derive information on the
rate of change of surface topography from thermo-
chronometric data requires us, however, to better
understand and quantify the effect of an evolving
surface topography on the shape of the underlying
isotherms.

Here, a new finite-element code is presented to solve
the heat transfer equation in a crustal block undergoing
uplift and denudation, and characterized by an evolving
surface topography. The code has been designed for
ease-of-use by non-specialists. It is available by contact-
ing the author, or may be downloaded from the IAMG
server.
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2. Differential and finite-element equation

In order to study the effect of an evolving topography
on the temperature field in the underlying crust/litho-
sphere, one must solve the following transient, three-
dimensional heat transfer equation, which may be
written as (Carslaw and Jaeger, 1959)
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where T'(x,y, z, t) is the temperature, p is rock density, ¢
is heat capacity, v is the vertical velocity of rocks with
respect to the base of the crust/lithosphere (z = —L), k is
conductivity and A is radioactive heat production. This
equation must be solved for a given initial temperature
distribution

TO = TO(xﬁy’ Z,t = 0) (2)

and a set of boundary conditions
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where S(x, y, ) is the assumed, time-varying geometry of
the surface of the earth, 7 is the assumed temperature
at the base of the model (the Moho or the base of the
lithosphere, for example), T)ysy is the temperature at a
reference surface elevation (mean sea level, for example),
and f is the lapse rate, i.e. the rate of change of
temperature with elevation in the earth’s atmosphere.
n is the outward normal to the side boundaries.

An analytical solution to the steady-state form of this
equation (07 /0t = 0 and S(x, y, 1) = S(x,y,t = 0)) exists
(Stiiwe et al., 1994). The transient solution requires,
however, the use of numerical methods. The approach
presented here is based on the finite-element method
(Zienkiewicz, 1977), using six- or eight-node prismatic
finite elements, built on the assumption that, within each
element, the temperature varies linearly in all directions.
The finite-element equation corresponding to the heat
transfer equation is (Bathe, 1982)
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where V' is the volume of the finite element, 7T is the
vector of the nodal temperatures, H is the vector of the
shape functions, H;(x,y,z), defining how the tempera-
ture T'(x, y, z) varies within each element as a function of
the temperature at the nodes, 7;:

6/8
T(x,y,2) =Y Hi(x,,2)T; (1)
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and B is the matrix describing the spatial derivatives of
the temperature:
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To improve stability in situation’s where heat advec-
tion dominates over diffusion, a streamline-upwind
Petrov—Galerkin method is used (Hughes and Brooks,
1982) and

H* = H + 1083, (13)
where
o AZ|\U/| 15 (14)

and Az is a vertical lengthscale (the thickness of the
element).

To account for the time-varying geometry of the
upper surface, a Lagrangian approach is used which
consists in vertically translating the top nodes of the
mesh, i.e. those located along the top surface, by the
required amount, S(x,y,f)At, at the start of each
time step. Note that this translation is independent of
the velocity v which represents the Eularian velocity of
rocks with respect to the base of the model (at z = —L).
In cases where S<u, erosion takes place; in cases where
S$>v, deposition (sedimentation) takes place. This
method is accurate providing At<Az/10|S|, where |S|
is the rate of change of the surface topography. The
vertical translation of nodes may lead to mesh distortion
and an inaccurate solution to the equation. To
circumvent this problem, the temperature field is
interpolated from the deformed mesh onto an “‘un-
deformed” mesh at the end of each time step. This
procedure is illustrated in Fig. 1.

To ensure numerical stability, a second-order
accurate, mid-point, implicit scheme (xz=0.5) is
used to represent the time derivative of temperature
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(Belytschko et al., 1979):

%ﬁ—m = Tt + Aty + T(H)(1 — a). (15)

The finite-element equations are rewritten, taking into
account that the geometry of the problem (i.e. the
surface) may be changing from one time step to the next

(M(t + Af) + aAtK(t + At)) T(t + Af) (16)
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Fig. 1. Illustration of Lagrangian method. (A and B) Effect of
vertical movement of upper boundary; (C) Eq. (1) is solved over
time step Af; and (D) interpolation from ‘‘deformed” grid,
represented by open circles, onto “undeformed”, original grid
represented by dark circles.

=(M(t+ At) — (1 — )AtK(0) T(2)

+ AHaF(t + At) + (1 — a)F(2)). (17)
Note that it is assumed that
MOM Y (t+AD=I. (18)

The large system of algebraic equations that results
from the finite-element discretization of the basic heat
transfer equation is solved by a Gauss—Seidel iterative
method with over-relaxation (Bathe, 1982) or a con-
jugate gradient method with an element-by-element pre-
conditioning (Hughes et al., 1984).

3. Comparison to analytical solution

To illustrate the accuracy of the numerical method, its
predictions are compared to a semi-analytical solution
(Stiiwe et al., 1994) to the problem of a steadily eroding
lithospheric layer of thickness L = 100 km characterized
by a finite-surface topography of wavelength A=
12.5 km and amplitude /sy =1km. In Fig. 2, the
geometry of the 65°C isotherm is shown for four values
of the exhumation rate as derived from the numerical
solution of the problem and its semi-analytical solution.
The basal temperature is assumed to be 1000°C and the
thermal diffusivity (x = k/pc) is 25 km?Myr~!. In all
cases, the numerical solution compares very well with
the semi-analytical one.

4. Pecube

Pecube has been developed as a user-friendly ForTran90
program. The user can describe the problem to solve in
one of two ways (Fig. 3): through a detailed ASCII input
file (Pecube.in) or by modifying one of the subroutines
(create_pecube_in.f90) which will create the input file. The
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Fig. 2. Comparison between semi-analytical solution (lines) from Stiiwe et al. (1994) and predictions from numerical model presented

here (circles). See text for problem description and parameters.
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create_Pecube_in.f90
User-supplied code "

INPUT

Geometry of crustal block
+

Finite Element information

Thermal parameters

Surface geometry and
exhumation rate
at N time steps

PECUBE

OUTPUT

Surface Processes Model

Temperature field
at N time steps

Pressure-Temperature-
time
paths for all points

Fig. 3. Flow chart describing various input options of Pecube as well as input parameters and output fields.

format of the input file has been designed for ease-of-use
by non-specialists, yet it permits to solve a large range of
tectonically interesting problems. It includes basic infor-
mation such as the number of nodes, their horizontal
coordinates, the number and type of elements, and the
connectivity matrix (relating the elements to the nodes).
For ease of use, it is assumed that thermal properties such
as rock conductivity, heat capacity, density and heat
production are spatially uniform and constant through
time. Other parameters such as crustal thickness, basal
temperature, surface temperature and lapse rate must also
be defined. The exhumation velocity is assumed to be
spatially uniform but can change through time. The
surface topography is specified by defining the height
above mean sea level of each node at a series of times in
the past, t;, i = 1, ..., n. Elevation values can be produced
from a DEM or derived from the output of a surface

processes model (SPM), such as Cascade (Braun and
Sambridge, 1997). This is the reason why triangular and
rectangular prismatic elements are used in Pecube. The
output consists of the complete three-dimensional tem-
perature structure at the times #; as well as pressure (depth)
and temperature values experienced through time by rocks
that end up at the surface of the model at z,,. These P—T—¢
paths can be used to predict rock ages for any thermo-
chronometric system or metamorphic assemblages. A
detailed user guide is supplied with the software.

Note that the time step, A¢, is determined internally to
ensure accuracy for any set of input parameters
according to

(19)

12 Az A
At:min(pc : ZS),
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where Az is the height of the smallest element and Azg is
the height of the smallest element in contact with the
surface.

5. Example: thermal structure beneath Kings Canyon

To illustrate the usefulness of Pecube, it was applied
to studying the time evolution of the thermal structure
beneath the surface topography of the Kings Canyon
area in the Sierra Nevada, California, which has recently
been documented by (U-Th)/He apatite thermochrono-
metry (House et al., 1998). Several hypotheses exist on
the origin of the present-day relief (House et al., 1998).
The potential contributing factors are: rapid uplift and
erosion during the Laramide Orogeny, some 90—
100 Myr ago, and a more recent (late Tertiary) episode
of relief rejuvenation following local uplift and/or
climate change.

Results based on two end-member tectonic/
geomorphic scenarios are presented. Both assume that,
at the end of the Laramide Orogeny, surface relief was
approximately twice as large as today’s. In the first
scenario, relief amplitude decays rapidly after the
Laramide Orogeny (i.e. within 20 Myr) to one-tenth of
its present-day value and is rejuvenated in the last
5 Myr, whereas, in the second scenario, relief amplitude
decays steadily over the last 90 Myr.

In both cases, it is assumed that the temperature is
fixed at 500°C at the base of the crust (z = 35 km) and
at 15° along the top surface (the lapse rate is neglected),
that exhumation rate was high (1 km Myr~!) during the
Laramide Orogeny (between 110 and 90 Myr ago) and
very low (0.03 km Myr™') between 90 Myr ago and the
present. Heat diffusivity (k/pc) is set at 25 km? Myr ™!,
and heat production is neglected. The problem is solved
ona 51 x 51 x 35 mesh with a spatial resolution of 1 km
in all directions. The geometry of the surface topogra-
phy is extracted from a I-km-resolution DEM (GTO-
PO30). Changes in relief are incorporated by modifying
the amplitude of the topography, not its shape. This
implies that the geometry of the drainage system (i.e. the
location of the major river valleys) has not changed in
the last 110 Myr. Detailed analysis of (U-Th)/He ages
across Kings Canyon and adjacent deeply incised valleys
indicates that this is a good assumption (House et al.,
1998, 2001).

The results are shown in Fig. 4 as three-dimensional
perspective plots of the finite-element mesh on the sides
of which contours of the temperature field have been
superimposed. Three critical times are shown: at the end
the Laramide Orogeny and, for each experiment,
20 Myr later and at the end of computations (i.e.
present day). The contours of temperature clearly show
the effect of vertical heat advection, especially at the end
of the orogenic phase (Fig. 4A), where the isotherms are

compressed towards the surface and deformed by the
high relief surface topography. After 20 Myr, the two
scenarios diverge greatly. The system has almost reached
conductive equilibrium beneath a flat surface under
scenario 1 (Fig. 4B), while, under scenario 2, the low-
temperature isotherms are deformed by the presence of a
high relief topography (Fig. 4C). The predicted present-
day temperature structures are relatively similar in both
scenarios. In the first case (Fig. 4D), the isotherms are
perturbed by the finite-amplitude surface topography,
whereas, in the second case (Fig. 4E), the topography is
too young to affect the underlying thermal structure.

6. Application of the method to thermochronometry

As stated earlier, Pecube predicts 7' — ¢ paths for all
rock particles which, at the end of computations, occupy
the location of the nodes along the top surface of the
finite-element mesh. From these 7 —¢ paths, an
apparent (U-Th)/He age for apatite can be computed
at each location, following the procedure and parameter
values given by Wolf et al. (1998) and Farley (2000).
Colour contours of the predicted ages have been
superimposed on the surface topography of the last
two panels of Fig. 4. The computed mean ages are
relatively similar (60.94 and 68.71 Myr, respectively).
These depend mostly on the assumed age for the end of
the Laramide Orogeny. The distributions of ages on the
landscape are, however, very different (compare
Figs. 4D and E). Following the first scenario (Fig. 4D),
most ages are comprised between 30 and 70 Myr
with a very clearly defined linear relationship between
age and elevation. In the second scenario (Fig. 4E), the
range of predicted ages is similar (40-90 Myr) but their
relationship to elevation is less clear. At the scale of a
single river valley (<10 km), ages are proportional to
elevation but, at the larger scale (> 10 km), older ages
are found at lower elevation, i.e. near the valleys.

Thus, while the two scenarios lead to very similar
predictions for the thermal structure beneath Kings
Canyon and the mean (U-Th)/He ages in apatite, they
predict very different relationships between age and
elevation. This is further documented in Fig. 5 where the
predicted ages are plotted against surface elevation for
the two scenarios. In the first scenario (grey circles),
there is a clear linear relationship between age and
elevation. The slope of the regression line between age
and elevation is related to the exhumation rate (Stiiwe
et al., 1994). In the second scenario (grey squares), this
relationship is not so clear and ages vary by as much as
50 Myr at any given elevation. In Fig. 5, recently
published data collected in the Sierra Nevada area
(House et al., 1998), across Kings Canyon and
the adjacent Tuolumne, Merced and San Joaquin
drainage systems, have been superimposed on the model
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Fig. 4. Perspective view of finite-element domain with temperature field contoured on sides. (A) Solution at end of Laramide Orogeny;
(B) 20 Myr later following scenario 1 and (C) scenario 2; (D) solution at end of computations (corresponding to present day) following
scenario 1 and (E) scenario 2. Age contours superimposed on surface in panels (D) and (E).

predictions (black circles). The data, collected across a dataset collected along the valley wall of Kings Canyon
limited range of elevations (1.8-2.2 km) shows a pattern (House et al., 1997), across a very short distance
similar to the predictions of scenario 2 (i.e. large age (<2.5 km) but covering a larger range of elevations

variations at constant elevation). However, another (0.5-2.2 km), shows a clear linear relationship between
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Fig. 5. Predicted and observed (U-Th)/He apatite ages against
elevation. Black circles correspond to data collected across
entire Sierra Nevada batholith but for limited range of
elevations (House et al., 1998); white circles are ages collected
along steep transect within Kings Canyon (House et al., 1997);
grey circles are ages predicted following scenario 1; grey squares
correspond to scenario 2.

age and elevation, much more similar to the predictions
derived from scenario 1. This result, therefore, indicates
that more work is necessary to understand how the
relationship between rock ages and elevation is affected
by sampling interval, i.e. the length scale over which
ages are collected.

7. Conclusions

A new, user-friendly, finite-element code has been
developed to solve the heat transport equation in three
dimensions in a region of the earth’s crust undergoing
exhumation and characterized by a changing, finite-
amplitude surface topography. The usefulness of the
model, called Pecube, has been demonstrated by
computing maps of predicted ages for (U-Th)/He in
apatite in the Kings Canyon area (California), which
have been directly compared to existing data. The
predictions from two different tectonic/geomorphic
scenarios clearly show that, low-temperature thermo-
chronometers are sensitive to the evolution with time of
the surface topography. In regions characterized by
rapid rejuvenation of the landform in the recent past,
ages increase with elevation. In regions characterized by
a slowly decaying surface topography, the relationship
between age and elevation is more complex, and appears
to be a function of the wavelength of the topography
(i.e. the width of valleys). This observation indicates that
there is a need to properly understand the effect of a
changing surface topography on the thermal structure in
the underlying crust, to retrieve meaningful information
regarding the tectonic and geomorphic evolution of high

relief areas from low-temperature thermochronometers
such as (U-Th)/He in apatite. Pecube is ideally suited to
perform this task.
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